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Grasping the Limits: Aseasy aspi

Mathematicians working in the Greek tradition repeatedly addressed certain persistent
problems, such as squaring the circle, and successive results often led them to reinterpret
the problems. Because the results often amounted to incremental changes in how the
problems were perceived, some problems were not so much regarded as solved or no
longer relevant, but instead were redefined. How did the under&endash;standing of
persistent problems evolve in the light of new results?

Ancient mathematicians generally agreed that infinities were not tractable, and probably
even non-existent. Nevertheless, certain problems seemed to lead naturally to various
kinds of infinity, which led mathematicians and philosophers to attempt to deal with
those problems without introducing infinities. Several puzzles resulted, for example: was
there a largest prime number? Did one need to prove separately for each kind of rectangle
the incommen&endash;surability of its side and diagonal? What would it mean to
measure the area of a circle by means of polygons?

In this paper, I will discuss how the understanding of infinite series gradually evolved,
from Zen to Archimedes, in the twin contexts of finding areas and volumes by the
"method of exhaustion" and of summing an infinite series of numbers.

Zen had been puzzled to understand how an endless series of finite quantities could reach
any finite total or limit (DK A25-26: Aristotle, Phys. 6.2 [233a21-32] + 6.9 [239b9-30];
cp. 8.8 [263a4-b8]).

Demokritos (DK B155), Antiphon (DK B13), and probably Eudoxos, sought to compute
the area or volume of curvilinear figures using an endless series of rectilinear figures,
e.g., to "square" the circle. This procedure Aristotle rejected as ill-founded (Phys. 1.2
[185a14-18], Soph. El. 11 [172a3-9]), but Euclid explored and improved (Elem. 10.1,
12.2). Archimedes, building upon the work of Demokritos and Eudoxos (Sphere and
Cylinder praef., Method praef.), dealt with limits in Measurement of the Circle and
Sohere and Cylinder 1.1-1.6, and achieved in his Method results comparable to those of
the integral calculus.

Aristotle, when treating the problem of infinite series (Phys. 3.6 [206b3-34]),
distin&endash;guished between infinite series of additions and of divisions, finding the
latter more tractable. Euclid treated the same pair of problems (Elem. 9.35), for an
arbitrary number of terms of the series, but did not treat the infinite case. Archimedes
(Quad. Parabol. 22-23) does explicitly discuss the general case, including the infinity,
and derives a general formula for the sum.
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